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Abstract. This paper initiates the study of topological arbiters, a concept rooted 
in Poincare-Lefschetz duality. Given an n -dimensional manifold W , a topological 
arbiter associates a value or 1 to codimension zero submanifolds of W , subject 
to natural topological and duality axioms. For example, there is a unique arbiter 
on M.P 2 , which reports the location of the essential 1 -cycle. In contrast, we show 
that there exists an uncountable collection of topological arbiters in dimension 4. 
Families of arbiters, not induced by homology, are also shown to exist in higher 
dimensions. The technical ingredients underlying the four dimensional results are 
secondary obstructions to generalized link-slicing problems. For classical links in 
S 3 the construction relies on the existence of nilpotent embedding obstructions in 
dimension 4, reflected in particular by the Milnor group. In higher dimensions 
novel arbiters are produced using nontrivial squares in stable homotopy theory. 

The concept of "topological arbiter" derives from percolation and from 4 -dimen- 
sional surgery. It is not the purpose of this paper to advance either of these sub- 
jects, but rather to study the concept for its own sake. However in appendices we 
give both an application to percolation, and the current understanding of the rela- 
tionship between arbiters and surgery. An appendix also introduces a more general 
notion of a multi-arbiter. Properties and applications are discussed, including a 
construction of non-homological multi- arbiters. 



1. Introduction. 

Given a closed smooth n— manifold W , consider the collection Aiw of connected 
smooth codimension zero submanifolds of W . 

Definition 1.1. A topological arbiter on W is a function A: Aiw — > {0,1} satis- 
fying axioms (1) - (3): 

(1) "A is topological": If M, M' G M w and M is ambiently isotopic to M' in W 
then A(M) = A(M') . 

(2) "Greedy axiom": If M C W and A(M) = 1 then A(M') = 1. 

(3) "Duality": Suppose A, B G M w are such that W = A U B, with A n B = 
dAndB. Then A(A) + A(B) = 1. 
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The notion of a topological arbiter was introduced by the first author in [2] (the term 
exclusive property was used in that reference) in connection with percolation theory. 
The purpose of this paper is to investigate further the structure of these invariants 
in 4 and higher dimensions. 

A prototypical example of an arbiter is the homological arbiter Ah on RP 2 . Specifi- 
cally, given M C RP 2 define Ah{M) — 1 if M carries the non-trivial first homology 
class of RP 2 , i.e. if 

Hx(M] Z/2) — > H^RP 2 ; Z/2) = Z/2 

is onto, and set Ah(M) = otherwise. The first two axioms are immediate, and 
(3) easily follows from Poincare duality, see lemma 11.21 below. In fact, Ah is the 
unique topological arbiter on the projective plane. Indeed, suppose there is a different 
arbiter A on RP 2 , so there is A C RP 2 such that A(A) = 1 but H 1 (A;Z/2) — ► 
Hi(RP 2 ; Z/2) is the trivial map. Consider the complement B = RP 2 \ A, then by 
Poincare-Lefschetz duality B carries the first homology of RP 2 . Since A lies in the 
complement of a non-trivial cycle, it is contained in a 2-cell D 2 C RP 2 . It follows 
from the axioms (2), (3) that A(D 2 ) = 0, so by (2) A(A) = 0, a contradiction 
proving that Ah is the unique arbiter on the projective plane. 

It is easy to see that for any n, the n-sphere S n does not admit a topological arbiter: 
consider a decomposition S n = A U B where both A, B are diffeomorphic to D n . 
According to axiom (1), A(A),A(B) are either both or both 1, contradicting the 
duality axiom (3). 

More generally, note that any manifold W admitting an open book decomposition 
does not support a topological arbiter. (However W may admit a mn/iz-arbiter, see 
the Appendix.) Indeed, in this case the complement of the binding fibers over S 1 , 
where the binding is a specified codimension 2 submanifold of W . Decompose S 1 into 
a union of two intervals and consider the corresponding decomposition W = A U B . 
A and B are diffeomorphic (in fact, isotopic), so again axioms (1), (3) contradict 
the existence of an arbiter. Note that odd-dimensional manifolds admit open book 
decompositions [T0l[T6]. Simply-connected even- dimensional manifolds (of dimension 
> 6) are open books, provided that the signature is zero [16]. In the general even 
dimensional case there is a further obstruction given by nonsingular bilinear forms 

m- 

Generalizing the discussion of the projective plane above, consider the "homological" 
arbiter on even-dimensional real and complex projective spaces: 

Lemma 1.2. 

(1) Let M C RP 2n . Define A h (M) = if H n (M; Z/2) — ► H n (RP 2n ; Z/2) = Z/2 is 
the trivial map and Ah{M) = 1 otherwise. 

(2) Fix a Geld F and let M C CP n , where n is even. Define A F (M) = if 
H n (M; F) — > H n (CP n ; F) = F is the trivial map and A F (M) = 1 otherwise. 
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Then Ah is a topological arbiter on IF 2 ", and for any F , Af is a topological arbiter 
on CP n . 

Proof. The first two axioms are immediate. To prove axiom (3), let W = M,P 2n 
or CP n , let the coefficients F = Z/2 in the first case and an arbitrary field in the 
second case. Consider the long exact sequences 

(1.1) H n (A) H n (W) H n (W, A) 

H n (W, B) ^ H n (W) H n (B) 

where the vertical maps are isomorphisms given by Poincare-Lefschetz duality (cf |6J). 
Since H n (W;F) = F it is clear that precisely one of the two maps H n (A; F) — > 
H n {W; F) , H n (B; F) — > H n (W; F) is non-trivial. ' □ 

There are further examples of manifolds and arbiters induced by homology. For 
example, generalizing lemma 11.21 one may define homo logical arbiters on any even- 
dimensional manifold W 2n whose middle- dimensional homology group H n (W; F) has 
odd rank. The arbiter Af associates 1 to submanifolds representing more than half 
the rank of H n (W; F) . 

The results in this paper concern arbiters on even-dimensional balls D 2n , the local 
version of topological arbiters discussed above. Local arbiters (see definition 12.11 in 
section [2] below) associate a value or 1 to codimension zero submanifolds of D 2n 
with a prescribed boundary condition: M fl dD 2n is a regular neighborhood of the 
standard (n - l)-sphere S^ 1 in S 2 ^ 1 = dD 2n , dM n dD 2n = dD n x D n , writing 
jyin _ r)n x jjn fj ne duality axiom satisfied by local arbiters is modeled on the 
Alexander duality satisfied by submanifolds D 2n = A U B bounding the Hopf link 
5 n_1 U S 11 ^ 1 C S 2n ~ l . The reader may wish to glance ahead to absorb definition 12.11 

All arbiters discussed so far are induced by homology (with various coefficients). It 
follows from the universal coefficient theorem that the arbiter Af on CP n (and the 
analogous local arbiter on D 2n ) depends only on the characteristic of the field F , so 
{Af} is a countable collection. Focusing on D 4 , we construct a collection of arbiters 
different from the homological ones: 

Theorem 1.3. There exists an uncountable collection of local topological arbiters 
in dimension 4. 

The construction (discussed in more detail below and in section [2]) relies on the 
existence of non-abelian embedding obstructions in D 4 , reflected in particular by 
the Milnor group. These obstructions, detecting in a certain sense the failure of 
the Whitney trick in 4 dimensions, have been extensively studied in the setting of 
link-homotopy theory [12J. 
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Since the Whitney trick is valid in dimensions > 4, our construction of (uncountably 
many) arbiters on D 4 does not have an immediate analogue in higher dimensions. 
In section [3] we give a rather different construction of families of local arbiters, not 
induced by homology, in dimensions 6 and higher. These higher-dimensional arbiters 
are homotopy-theoretic in nature, the following theorem summarizes our construc- 
tion: 

Theorem 1.4. To each non-trivial square in the stable homotopy ring of spheres 
there is associated a local topological arbiter not induced by homology on D 2n for 
sufficiently large n . In particular, there exist local arbiters not induced by homology 
on D 2n for each n > 2 . 

The main ingredient used in the construction of these arbiters in higher dimensions 
is the following homotopy-theoretic obstruction to a generalized link-slicing problem: 
for each n > 2 we show that there exist submanifolds (M, S 11 ^ 1 ) C (D 2n , S 2n ^ 1 ) , 
where S 1 ™ -1 is a distinguished "attaching" sphere in the boundary of M, such that 

(1) for any coefficient ring R the attaching (n — 1) -sphere of M is non-trivial in 
i?„_i(M; R), and 

(2) The components of the Hopf link 5 n_1 U S"™ -1 C S 2n ~ l do not bound disjoint 
embeddings of two copies of M into D 2n . 

Observe that if the attaching sphere S"™ -1 were trivial in H n _i(M; F) for some field 
coefficients F , then Alexander duality would immediately imply (2). The proof of 
(1) and (2), given in section [3j can be carried out using a "secondary" obstruction to 
disjointness where n + 1-cells are attached to S"™ -1 via the generator of 7rf , n > 3. 
A further refinement is necessary for D 6 , see section 13.31 

To prove theorem 11.41 one defines a "partial" arbiter, setting it equal to 1 on all 
submanifolds of D 2n containing M and equal to zero on all submanifolds contained 
in D 2n \ M . The condition (2) above implies that this partial arbiter is consistently 
defined, and (1) shows that it is different from any homological arbiter. The proof 
of the theorem is completed by extending this partial arbiter to all submanifolds of 
D 2n , the details are given in section [31 

A brief outline of the rest of the paper is as follows. The proof of theorem II .31 begins 
in section [2] with the introduction of a dyadic collection of "model" submanifolds of 
.D 4 (i.e. a special collection of submanifolds, parametrized by vertices of a trivalent 
tree.) A generalization of the Milnor group is used to find obstructions to pairwise 
embeddings of these model submanifolds. The collection M. d a of all submanifolds of 
D 4 has a partial ordering induced by inclusion. The non-embedding results mentioned 
above allow one to define an uncountable collection of arbiters on those elements of 
Ai £>4 which are comparable to model submanifolds. One then extends these arbiters 
to Air>4 , concluding the proof of theorem ll.3[ see section 12.71 
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Section l2~l3l points out that the embeddings of the submanifolds M > W in definition 
11.11 of arbiters play a very important role. The result of [S] shows that if one con- 
siders topological arbiters as invariants of manifolds, disregarding their embedding 
information, then in the context of P 4 whenever the attaching circle of M C P 4 is 
trivial in Hi(M; Z) the value of any arbiter on M has to be 1. The proof of theorem 
11.31 is valid only when the embedding data is taken into account. Indeed the arbiters 
constructed in its proof assume value 1 on manifolds where the attaching circle does 
not vanish in homology with any coefficients. 

Section 12.101 adapts the local construction in the proof of theorem 11.31 to the setting 
of CP 2 . It seems likely that this construction should yield an uncountable collection 
of arbiters on CP 2 , however proving this would require a substantial extension of the 
techniques of Milnor's theory of link homotopy. 

In appendix |A] we note that the existence of a local arbiter on P 4 satisfying an addi- 
tional "Bing doubling" axiom would give an obstruction to topological 4-dimensional 
surgery for the non-abelian free groups, using the A-B slice reformulation [3j H] of 
the surgery conjecture. 

Appendix [B] introduces two generalizations of topological arbiters, multi- arbiters. 
We discuss their properties and applications, in particular a construction of non- 
homological multi-arbiters, and an application to percolation theory. 

2. Local arbiters. 

The purpose of this section is to prove theorem II .31 We start by defining the notion of 
a local topological arbiter on P 4 (more generally, the definition makes sense for P 2n 
for any even dimension 2n.) Consider M. = M. d a = {(M, 7)| M is a codimension 
zero, smooth, compact submanifold of P 4 , 7 C dM , and M H 3D 4 is a tubular 
neighborhood of an unknotted circle 7 C S 3 } . (For n > 2, Mfl <9P 2n is a tubular 
neighborhood of a standard S™ -1 , isotopic in <9P 2n = d(D n x D n ) to dD n x D n .) 
Consider a local version of definition 11.11 

Definition 2.1. A local topological arbiter is a function A: M. — > {0, 1} satisfying 
axioms (1) - (3): 

(1) If (M, 7), (M',7') G M. and (M, 7) is ambiently isotopic (not necessarily rela- 
tive to the identity on the boundary) to (M',7') in (P 4 , S 3 ) then A(M, 7) = 
A{M\i). 

(2) If (M, 7 ) C (M',7') and A{M,j) = 1 then A(M',j') = 1. 

(3) Suppose (A, a), (P, 0) G M D 4 are such that P 4 = AUB, with AnB = dAndB , 
and so that the attaching curves a, (3 of A, B form the Hopf link in <9P 4 . (In 
other words, P 4 = A UP is a decomposition of P 4 extending the standard genus 
1 Heegaard decomposition of the 3— sphere.) Then A(A, a)+A(B, (3) = 1. (For 
n > 2 the "Hopf link" above is replaced with dD n x U x dD n C S 2n - 4 .) 
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We summarize local versions of the properties discussed in the introduction. In 
dimension 4 (more generally, in any even dimension), given a field F there is a 
"homological" local arbiter Af- This arbiter (by the universal coefficient theorem 
depending only on the characteristic of F) is defined by Af(M, 7) = 1 if and only 
if 7 = G Hi(M;F). The axioms (1), (2) are satisfied automatically, (3) is a 
consequence of Alexander duality. 

In dimension 2 there is a unique local arbiter A (equal to Af for any field F.) The 
difference between arbiters in dimensions 2 and higher is explained by the divergence 
between homology and homotopy: for (A, a) C (-D 2 ,^ 1 ), a = G H (A) iff a = 
G ttq(A). If this is the case, the complement B of A in D 2 may be pushed off an 
arc connecting a in A into a collar on its attaching curve /3, therefore the value of 
any arbiter on B is zero. In higher dimensions, being trivial in homology is a weaker 
condition, and we show that there exist arbiters whose value on B may be 1 even 
though is homologically non-trivial with any coefficients. 

2.2. Model decompositions. The proof of theorem 11.31 starts with the construc- 
tion of a special collection of submanifolds of D 4 , which are shown below to satisfy 
pairwise non-embedding properties. These codimension zero submanifolds form com- 
plementary pairs Ai, Bj parametrized by a dyadic multiindex I discussed in more 
detail below. For each index I, the pair is a decomposition of the 4-ball in the sense 
of definition 12.11 (3) above: D 4 = Aj U Bj , and the distinguished curves aj, (3i form 
the Hopf link in dD 4 . To start the construction, consider the genus one surface S 
with a single boundary component, and set B\ = S x D 2 . Denote (3% = dS x 0. To 
specify an embedding (Bi, f3\) C (-D 4 , S 3 ) , embed the surface S into S 3 , push it into 
the 4-ball and take a regular neighborhood. 



Proposition 2.3. The complement A\ = D 4 \ Bi is obtained from the collar S 1 x 
D 2 x I by attaching a pair of zero- framed 2-handles to the Bing double of the core 
of the solid torus S 1 x D 2 x 1, figures [2 

The distinguished curve «i C dA\ is formed by S 1 x x . Figure [TJ is a schematic 
"spine" picture of the manifolds A\,Bi, a precise description in terms of Kirby di- 
agrams (drawn in a solid torus) is given in figure |2j Note that a distinguished pair 




H 2 



Figure 1. 
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Figure 2. 



of curves 71,72, forming a symplectic basis in the surface S, is determined as the 
meridians (linking circles) to the cores of the 2— handles Hi,Hi in D 4 . In other 
words, 71, 72 are fibers of the circle normal bundles over the cores of Hi, H 2 in D A . 
The proof of proposition 12.31 is an exercise in Kirby calculus, see for example [5]. 

The manifolds Ai,Bx are the basic building blocks in the inductive construction 
of model decompositions. Consider the 2-handle H\ (one of the 2-handles in the 
definition of Ai, figured]) in place of the original 4-ball. The pair of curves (71, the 
attaching circle Si of Hi ) forms the Hopf link in the boundary of Hi . In Hi consider 
the standard genus one surface bounded by Si . As discussed above, its complement 
is given by two zero-framed 2-handles attached to the Bing double of 71 . Assembling 
this data, consider the new decomposition D A = Aq U Bq . The manifold Aq and its 
Kirby diagram are shown in figure [7] below, and both Aq, Bq are included in figure |3j 

We are now in a position to define the more general collection of special elements 
Ai,Bi of M. ("model decompositions", D A = Ai U Bi), figure [3] These decomposi- 
tions correspond to vertices of a trivalent tree, and each Ai, Bi is labeled by a dyadic 
multiindex I. Each arrow in figure [3] represents a an inclusion. These model decom- 
positions are defined inductively; the transition from Aj to Ai } q replaces one of the 
two 2-handles of Ai , introduced during the previous step, by Aq. Ai t i is obtained 
by replacing one of these two "new" 2-handles of Aj by A\ (in other words, by Bing 
doubling this 2-handle.) Then Bj is defined as the complement D A \ Aj. Note that 
this is a subset of the collection of decompositions of D A introduced in the context 
of the A-B slice problem in [5] . Figure [3] shows only the "spines" of the submanifolds 
Aj,Bi; we refer the reader to [5] for a precise description of these 4-manifolds in 
terms of Kirby diagrams. 

Consider the lexicographic order on the set of dyadic multiindices: given / = (z 1; . . . , i m ) , 
J = (ji, ■ ■ ■ ,3n) , set I < J if %i = ji, ...,i k =j k and i k+1 = 0,j k+ i = 1 for some k. 
Also set I < J if I is an initial segment of J: J = (I,jk + i, . . .) 

Consider the trivalent tree T encoding the submanifolds Ai . The root of T corre- 
sponds to A = 2-handle. Let r be a "geodesic" ray in T originating at the root; 
r is viewed as an infinite dyadic multiindex. For a technical reason which will be 
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apparent in the proof below, it is convenient to consider all rays r passing through 
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Ai (i.e. whose first coefficient is 1), and the lexicographic order is extended to the 
set of such rays. 

Definition 2.4. Let A^o C M. denote the collection of submanifolds {Aj, Bj} de- 
fined above. For each r, a ray as above, define a partial arbiter A r : A4q — > {0, 1} 
by setting 

Ar{Ai) = 1 if I < r, and A r {A I ) = if I > r. 
Then the duality axiom (3) in definition 12.11 forces one to define 

Ar(B T ) = if I < r, and Ar{B T ) = 1 if J > r. 



Lemma 2.5. For each r, „4 r : .Mo — >■ {0,1} satisfies the greedy axiom (2) in 
definition O In other words, given (M, 7), (M', 7') G A4 with (M,7) C (M',7'), 
if Ar{M, 7) = 1 then A r (M', 7') = 1 . 



The proof follows from the following proposition. Recall from the beginning of section 
[2] that each element (M, 7) G A4 comes equipped with an embedding (M, 7) C 
P 4 ,5 3 ). 

Proposition 2.6. 

(1) If I < J then (A/, a/) £ (Aj, aj) . 

For any/, J, (A 7 , «j) ^ (Bj, . 

(3) For any multiindices I, J whose first entries equal 1, there does not exist an 
embedding (3j) C (Aj, oj) . 



We postpone the proof of proposition 12.61 to complete the proofs of lemma 12.51 and 
theorem 11.31 One needs to check that for any two elements (Mi, 71), (M 2 , 72) G A4q 
if A(Mi) = 1 and A r {M 2 ) = then (Mi, 7^ (JL (M 2 ,j 2 ). Consider the list of all 
pairs M 1 ,M 2 where Ar{M{) = \ and A r (M 2 ) = 0: 

(a) Mi = A j where I < r , M 2 = Aj where J > r , 

(b) Mi = Aj where I < r , M 2 = Bj where J < r , 

(c) Mi = Bj where I > r, M 2 = Aj where J > r, 

(d) Mi = Bj where I > r , M 2 = Bj where J < r. 

The cases (a), (b), (c) follow from the statements (1), (2), (3) of proposition 12.61 
respectively. To eliminate (d), suppose Bj C Bj where J < I . Considering their 
complements, there is an inclusion Aj C Aj , a contradiction with proposition 12.61 
(1). This completes the proof of lemma 1231 □ 
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A = 2- handle 




B = collar 



Figure 4. The vertices of the graph encode codimension zero sub- 
manifolds of D 4 (elements of At), and the edges correspond to in- 
clusions. This figure illustrates the case I < r, J > r: then 
A r (Aj) = A r (Bj) = 1, and A r (Bi) = A r (Aj) = 0. These require- 
ments force A r (M) = 1 for any M in the "cones" over Aj,Bj and 
A r (M) = for any M in the "cones" under Bj,Aj. The upward- 
facing cones are disjoint from the down-facing cones by lemma 12.51 

2.7. Proof of theorem 11.31 Given a ray r, by lemma 1231 the partial arbiter A r is 
consistently defined on the collection Aio of model decompositions. Given Mi, M 2 G 
M with A(Mi) = 0, Ar{M 2 ) = 1, axiom (2) in definition O forces A r (M) = 
for any M isotopic to a submanifold of Mi and A r {M) = 1 for any M isotopic to 
M' where M 2 C M'. Graphically, A r = in the "cone" below M and A r = 1 
in the "cone" above M x , figure HI The upward-facing cones are disjoint from the 
down-facing cones by lemma 12.51 This defines a consistent extension of A r to the 
union of all such cones. Duality axiom (3) in definition 12. II for this extension follows 
from the fact that the upward-facing cone over, say, Aj consists precisely of the 
complements in D A of the elements of the down-facing cone under Bj. To extend 
A r to Ai, consider any local arbiter on D A , for example a homological arbiter Af 
for some fixed field F. Set A r (M) = Af{M) for any M in the complement of the 
union of the "cones" discussed above. It is straightforward to check that A r satisfies 
the axioms of a local arbiter. 

Note that if r 7^ r' then A r 7^ A r > : assume r < r' , then their difference is detected 
by a codimension zero submanifold Aj where / is a multiindex with r < I < r' . 
This completes the proof of theorem 11.31 assuming proposition 12.61 □ 
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Remarks. 

1. Because we use a definite procedure to extend A r beyond the "cones" on which it 
is determined by r , the proof of theorem 1 1 . 31 does not depend on the axiom of choice. 
Nor does any other assertion in this paper. To be complete, our argument actually 
has shown that the cardinality of local arbiters on D 4 is precisely the continuum. 

2. The argument extending partial arbiters A r to arbiters defined on all codimension 
zero submanifolds of D 4 in the proof of theorem 11.31 may also be used to define 
"hybrids" of homological arbiters of different characteristics. For example, suppose 
(M, 7) is an element of M such that 7 = G H\{M\ Z/p) but 7 ^ G #i(M; Z/q) 
for some primes p and q. By Alexander duality with Z/p coefficients, two copies of 
M cannot be embedded disjointly into D 4 so that the distinguished curves form the 
Hopf link on the boundary. Then a partial arbiter A may be defined by setting it 
equal to Az/ P in the cone over M and also in the cone under D 4 \ M . Extend it by 
Az/q to the rest of M.. The arbiters constructed in the proof of theorem 11.31 assume 
value 1 on elements (M, 7) G M. such that 7 7^ G H\(M;R) for any coefficients 
R, therefore they are different from any such hybrid of homological arbiters. 

Proof of part (1) of proposition 12.61 Before giving the general (inductive) proof 
consider several special cases which clarify the inductive step. (Refer to figure [3] and 
the beginning of section I2T21 to recall the definition of the submanifolds Aj,Bj.) 

(i) (Ao,a ) does not embed in (Ai,aci). 

The proof is immediate since a = G Hi(A ) and «i 7^ G H\(A\). 

(ii) (v4i ,aio) <t (^11, an)- 

Suppose such an embedding exists. Then consider the complements: (Bu, fin) C 
(.Bio, /3io) • The submanifold B u is (a thickening of) a 2-stage grope, see [5] (the term 
used in that reference is a half-grope), a geometric counterpart of the commutators 
in the lower central series 7c n of a group 71. This series is defined inductively by 
7r n = [71", 7r„_i], 7Ti = 7T. The attaching curve (3n of the 2-stage grope Bu is in the 
third term (7ri(5n))3 . This is a contradiction since 0n maps to /? 10 , however 

0u = 1 G 7r 1 (S 11 )/( 7 r 1 (S 11 )) 3 but 1O ^ 1 G 7r 1 (S 10 )/(7r 1 (S 10 )) 3 . 

(iii) (A 00 ,a o) <t (A 01 ,a i). 

The argument in this example will serve as an ingredient in the proof in the general 
case further below. Suppose the embedding i exists as in figure [5j Considering 
the complements one gets i: (£? i,/3oi) — > (B 00 ,/3 00 ), figure El The argument will 
involve two steps, the first one using the embedding % and second step using i. The 
connection between the two steps is provided by the Alexander duality. 

Step 1. Denote by S" the bottom surface stages of A G Q,A m . Since a o maps 
to a i, i "restricts" to a degree 1 map (S',o;oo) — > (S",a i)- (More precisely, 
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Figure 6. 

consider the restriction i|jy. A 01 is homotopy equivalent to the wedge of S" and 
three 2— spheres. The composition of i\y,> with the retraction onto S" has degree 1.) 

Consider the classes in H 2 (B 00 ) , H 2 (B 01 ) represented by the tori T", T" and spheres 
5" , S" , figure [61 (These are closed surfaces since they are capped off by the null- 
homotopies for the Bing-double curves.) The punctured tori £' C A Q0 , E" C A i 
have preferred symplectic bases of curves: 71,72 on and 61,82 on E". The curves 
71, 72 are Alexander dual respectively to T',S' , and similarly S\, 5 2 are dual to T", S" . 
Consider the matrix M — ( a c h d ) representing the induced map : ifi(E') — )■ Hi{Y!') 
in these bases. Since the map (E',<9) — > (H",d) has degree 1, M is an element of 
SX a (Z). 

S'tep The matrix for the map i*: /f 2 (-Boi) — ^ ^{Bqq), restricted to the 2- 
dimensional subspaces spanned by [S"\ , [T"] and [S f ] , [T'] , is the transpose of M , by 
Alexander duality. Since [S"} is a spherical class, the component of i* ([>>"]) along 
[T 1 ] is trivial, so 6 = and M must be of the form ( \ 5 ) . Therefore the class [T"] 
maps to [T'\ plus a multiple c of [S'] , but in particular one gets a degree 1 map 
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T" — > T' . This leads to a contradiction when one considers the elements represented 
by T", T" in the Dwyer's filtration (see pQ) of the corresponding spaces. A geometric 
description of the nth term of the Dwyer's filtration (f> n (X) C H 2 (X; Z) of a space X 
is the subgroup consisting of those elements in H 2 (X;'Z) which may be represented 
by maps of closed gropes of class n into X . Since [T"} G ^(Bqi) but [T'] ^ 3 (£>oo)? 
[T"] cannot map to [T'] , a contradiction. 

Proof of part (1) of proposition 12.61 in the general case. Suppose an em- 
bedding i: (Ai, ojj) — > (Aj,aj) exists; let i: (Bj,{3j) — > (Bj,(3i) be the cor- 
responding inclusion of the complements. Since I < J , I = . . . , i n , 0, . . .) and 
J = {ii, . . . , i n , 1, . . .) for some n. 

First consider the case i\ — . . . — i n — 0, the proof for arbitrary i 1; . . . ,i n will be 
analogous. Since all ij are assumed to be zero, j = 1 . . . , n, each of the first n steps 
in the construction of Aj, Aj replaces an existing 2-handle with (a thickening of) 
the genus 1 surface, and then attaches a pair of 2-handles to the Bing double of an 
essential curve on this surface. Denote the successive genus 1 surface stages of Aj 
by . . . , T,' n , and similarly denote the genus 1 surface stages of Aj by £'/, . . . , E^. 
The construction on the .B-side is dual (in the sense of proposition 12. 3j) : each of 
the first n steps attaches a pair of 2-handles to a Bing double, and then replaces 
one of these 2-handles with a punctured torus. Denote the successive tori in Bj 
by T{, . . . , T' n and the corresponding tori in Bj by T", . . . , T". (In the special case 
/ = (00), J = (01) considered in (iii) above, n was equal to 1.) 

The base of the induction. The embedding i induces a degree 1 map (E^a/) — > 
(S?,aj). 

The inductive step. The inductive hypothesis is that the embedding i induces a 
degree 1 map E' fc — > E'^ for some 1 < k < n. The argument in the special case 
(iii) above proves that then the complementary embedding i induces a degree 1 map 
T' k — > T'l . Since the construction of the first n stages of the submanifold Aj is 
precisely dual to the construction of Bj (and similarly for Aj,Bj, compare figures 
El E]), exactly the same argument now propagates the conclusion to the A-side: if i 
induces a degree 1 map T{! — > T' k1 then the embedding i induces a degree 1 map 
E' fc+1 — > £';.'. This concludes the proof of the inductive step. 

A contradiction is reached after n — 1 applications of the inductive step: the outcome 
is a degree 1 map E^ — )• E^; run the argument one more time to get a degree 1 
map T" — > T' n . However since the n + 1-st coefficient of J is 1, it follows from the 
construction of Bj that [T"] e 03 (B j) . On the other hand the n + 1-st coefficient 
of / is 0, so [T^] $l <p^{Bi). This contradicts the fact that i induces a degree 1 map 
T" — )• T' n , concluding the proof when i\ — . . . — i n — 0. 

A slight modification of the argument is necessary in the general case when i\ = 
but (zi, . . . ,i n ) contains subsequences with one or more consecutive l's. Then the 
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corresponding tori on the .B-side are replaced by gropes of height h equal to (1+ the 
number of consecutive l's in a subsequence), all of whose surface stages have genus 
1. (Correspondingly, the 2-handles on the v4-side are attached to higher iterated 
Bing doubles.) The inductive step discussed above applies without any changes on 
the A-side. 

On the .B-side a variation is necessary: Let / be a map /: G — > G where G is 
a half-grope of height n with all surface stages of genus 1 . The second homology 
class of the bottom stage surface of G reads off the relation [71, [72, . . . , [7^, 7/1+1] . . .] , 
where ji are the curves generating vri(G), corresponding to the "tips" of the grope. 
Note that 7^,7^+1 generate tt 1 of the top stage surface of G. Suppose /* carries the 
class of the bottom stage surface of G in H 2 {G) to itself. Then the map induced by 
/ on the 2-dimensional subspace of H%(G) spanned by 7^,7^+1 is in SL(2, Z). The 
rest of the argument in the inductive step goes through. 

Finally, if i\ = 1 then the first step of the induction is applied on the .B-side. This 
concludes the proof of 12.61 (1). 

The proof of part (2) of proposition 12.61 involves a generalization of the Milnor 
group from the context of link homotopy (a link in S 3 bounding disjoint maps of 
disks in D 4 ) to a class of more general submanifolds of the 4-ball. We outline this 
construction below and refer the reader to [9] for a detailed exposition. 

Suppose (Ai, ai) C (Bj,{3j). Then Ai embeds in the complement of Aj, where the 
attaching curves on , ctj form the Hopf link in S 3 = dD 4 . As a warmup, consider the 
special case where both J, J are dyadic multiindices with no zeros, for example A\ 
and A\\ are shown in figure [3j For such multiindices J, J, the handlebodies Ai,Aj 
consist of 2-handles attached to iterated Bing doubles of their respective attaching 
curves cti,ctj which form the Hopf link in dD 4 . It is straightforward to prove that 
any link L obtained by iterated Bing doubling of the Hopf link is a homotopically 
essential link [T2], by computing that it has a non-trivial Milnor's p, -invariant with 
non-repeating coefficients. Therefore the components of L do not even bound disjoint 
maps of disks into D 4 , contradicting the assumption (Ai, aj) C (Bj,(3j). 

Now consider a more interesting example Aq (figure [7]), illustrating the argument in 
the general case. Consider a pair of pants P with boundary components 7,011, 0:2, 
and let C denote P x D 2 U four zero-framed 2-handles h\ . . . , attached to the 
Bing doubles of the curves ai,ai2> figure 

Observe that there is a map C — > A taking 7 to «0) such that the 2-handle hi 
is disjoint from h 2 , and similarly h 3 is disjoint from /i 4 . On the level of spines, the 
proof amounts to cutting the punctured torus into a pair of pants; the separation of 
parallel copies of the 2-handles results in hi — h 3 and h 2 — h^ double points. 

Therefore to prove that the components of the Hopf link do not bound disjoint 
embeddings of two copies of A , it suffices to show that its components do not bound 
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Figure 7. The sub manifold Aq and its Kirby diagram. (The handle 
diagram is drawn in the solid torus which is the complement of the 
dashed circle in the 3-sphere.) 




Figure 8. The handlebody C (a Bing cell of height 1): a schematic 
picture and a Kirby diagram 

disjoint maps of two copies C, C" of C , subject to the disjointness condition on the 
2-handles discussed above. Suppose the opposite is true. Consider meridians m! i to 
the 2-handles {h^} of C and meridians m" to the 2-handles {h"} of C" in D 4 . (By 
a meridian we mean a based loop in the complement representing the same homology 
class as a fiber of the normal circle bundle over a 2-handle.) Consider the quotient 
Mir of 7T := tti(D 4 \ (C U C")) by the relations [(mj) x , {m'^] and [(m'{) x , (m]) y \, 
where {i,j} ^ {1,2}, {3, 4} and the conjugating elements x, y range over all elements 
of 7r . These relations correspond to the Clifford tori linking the double points between 
the various 2-handles in D A , and the fact that the pairs {1,2}, {3,4} are excluded 
reflects the fact that these handles are required to be disjoint. (This is a generalization 
of the Milnor group Mn (see [12]) which in this context is defined as the quotient 
of 7r by the relations [(w^) x , {m' j ) y ], [(m") x , (m") y ],i = 1, ... ,4, which correspond to 
se//-intersections of the handles. These relations are included in the defining relations 
of Mir.) 
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The classical Milnor group Mir is nilpotent, and since Mti is a quotient of Mir, it 
is nilpotent as well. It follows that Mir is generated by the chosen meridians, and 
its relations may be read off from the generators of ^(-D 4 \ (C U C"); Z) , which is 
Alexander dual to the relative group H X {G' U C", d(C U C") n dD 4 ) . There are two 
types of generators of this second homology group: the Clifford tori that give rise to 
the commutation relations used in the definition of Mn, and the generators dual to 
the relative first homology group of the pairs of pants defining C',C". The latter 
relations are of the form [m'^my = [m 3 , 772.4], \m'[,m'J^ = [m 3 ', 7n 4 '] . 

Let m',Tn" denote the respective meridians to the components of the Hopf link in 
dD 4 , formed by the attaching curves 7', 7". The relation [m',m"] = 1 holds in 
tti(S' 3 \(7 / U7")), therefore it also holds in 77 (L> 4 \ (C'UC")) . On the other hand, in 
terms of the generators of Mir , m' = [m^, m' 2 ] = [777.3, m 4l m " = [ m i> m 2] = [ m 3> m 'l] ■ 
One then shows using the Magnus expansion that, based on the relations in Mn 
discussed above, the commutator [m',m"] is in fact non-trivial in Mtt: phrased 
differently, there are "not enough" relations in 77 (.D 4 \ (C U C")) to imply the 
relation [m',m"] = 1 which holds in 77 (S* 3 \ (7' U 7")) . This contradiction shows 
that the components of the Hopf link do not bound in D 4 disjoint copies of the 
manifold A Q . 

The manifolds Aq, A\ considered above are the building blocks in the definition of 
model decompositions D 4 = Aj U Bj , see section 12 .21 There is a similar inductive 
construction of Bing cells based on the manifold C above, where the inductive step 
replaces a 2-handle with a copy of C . Moreover, the 2 -handles in the more general 
definition below may be attached to iterated Bing doubles, since such links arise in the 
model submanifolds Aj (see for example A m in figure 0) 

Definition 2.8. A model Bing cell of height 1 is a smooth 4-manifold C with 
boundary and with a specified curve 7 C dC , defined as follows. Consider a pair 
of pants P with boundary components 7, ai,a2, and let Li be a (possibly iterated) 
Bing double of the core of the solid torus ai x D 2 . Then C is obtained from P x D 2 
by attaching zero-framed 2-handles along the components of L\ U L 2 . 

A model Bing cell C of height h is obtained from a model Bing cell of height h — 1 
by replacing some of its 2-handles with Bing cells of height one. 

Bing cells in a A -manifold M are defined as maps of model Bing cells into M , subject 
to certain crucial disjointness requirements. For each link Li in the inductive defini- 
tion above, surfaces and more generally Bing cells attached to different components 
of Li are required to be disjoint in M. Generalizing the arguments above, one shows 
(see 0) that 

(1) If the components of a link L G S 3 = dD 4 bound disjoint Bing cells in D 4 then 
L is homotopically trivial, and 

(2) For each index / the attaching curve aj bounds a Bing cell in Aj . 
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Therefore the components of the Hopf link do not bound disjoint embeddings of 
Aj,Aj, i.e. (Aj, a>i) (jL (Pj,/3j). This concludes the proof of proposition 12.61 (2). 

The proof of part (3) of proposition [2T61 is immediate since ft = e Hi(Bj) and 
a j 7^ G Hi(Aj) . This completes the proof of proposition 12.61 and of theorem 

o □ 

2.9. Arbiters and embeddings. In this section we note the important role played 
by the embeddings in definition 12. II of arbiters on D A . According to [S] for any given g 
there exist decompositions (in the sense of axiom (3) in definition 12. ip D 4 = A g UB g , 
where the attaching curves a, (3 form the Hopf link in dD 4 , such that the conditions 
(i), (ii) are satisfied: 

(1) Let S denote the genus g surface with one boundary component, 7 = OS . Denote 
by So its untwisted 4— dimensional thickening, S = S x D 2 , and set 70 = 7 x {0}. 
Then there exists a proper embedding (A g ,a) C (So, 70). 

(ii) B g embeds in a collar on its attaching curve. More precisely, there exists a proper 
embedding (B g , (3) C (S 1 x D 2 x [0, 1], S 1 x {0} x {0}) 

Suppose A is an invariant as in definition I2.1[ where the embedding in the axiom 

(2) in 12. II is assumed to be an arbitrary embedding of abstract pairs (M, 7), (M', 7') , 
rather than just the inclusion of submanifolds of P 4 . Since the value of A on the 
collar is necessarily 0, (ii) implies that for each g, A(B g ) = 0, therefore A(A g ) = 1. 
(Note that the embeddings in (i), (ii) are indeed not isotopic to the original embed- 
dings into D A .) Now suppose (M, 7) is a submanifold of (P 4 , S 3 ) such that the 
attaching curve 7 of the 4-manifold M is trivial in Pi(M;Z). Then 7 bounds 
an embedded surface S in M with the trivial normal bundle. It follows that 
(A g ,a) C (M, 7), where g is the genus of S. Again by axiom (2) which allows 
arbitrary embeddings, A(M, 7) = 1 . That is, a function A which is insensitive to 
the embedding of submanifolds into P 4 is determined by homology, at least on those 
submanifolds whose attaching curve is trivial in the first homology with integer coeffi- 
cients, and on their complements in P 4 . The proof of theorem 11.31 is valid only when 
the embeddings are inclusions of submanifolds of P 4 , indeed the arbiters constructed 
in its proof assume value 1 on manifolds where the attaching circle does not vanish 
in homology with any coefficients. 

2.10. Submanifolds of CP 2 . This section outlines a construction of submanifolds 
of CP 2 which may be viewed as an "absolute" analogue of the relative model decom- 
positions of P 4 defined in section 12.21 

Consider the usual handle structure on CP 2 with one handle of each index 0,2,4: 
CP 2 = OH U 2H U AH . Consider decompositions CP 2 = A U P, where A n B = 
dA(ldB . The decompositions are constructed of the form A = 0HUA, B = 4HUB , 
and 2H = A U P is a decomposition of the 4-ball 2H = D 2 x D 2 in the sense 
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discussed in section [2j AU B extends the standard genus 1 decomposition of the 
3-sphere D 2 x S 1 U S 1 x D 2 . 

Applying this construction to model decompositions D 4 = Aj U Bj of the 4-ball 
in section I2~2l (see figure E]), one gets a dyadic collection of decompositions CP 2 = 
Aj U Bj. More concretely, Aj is obtained by attaching a 1-framed 2-handle to 
Aj along the attaching curve ai, and similarly its complement Bj is obtained by 
attaching a 1-framed 2-handle to Bi along the attaching curve f3i. 

It seems reasonable to conjecture that there are non-embedding results analogous to 
proposition I2.6[ which should enable one to construct an uncountable collection of 
topological arbiters on CP 2 . However proving this would require an extension of 
the Milnor group techniques which is outside the scope of this paper. This question 
remains open. 

3. Squares in stable homotopy and arbiters in higher dimensions 

Recall that homology with field coefficients gives rise to topological arbiters on even 
dimensional projective spaces, and similarly there are local homological arbiters on 
D 2n for all n, see lemma ITT21 and the discussion following definition ^. II In this section 
we use stable homotopy theory to show that there exist local arbiters different from 
the homological ones in even dimensions > 6 . 

Recall that the construction of an uncountable collection of local arbiters on D in 
section [2] was based on obstructions related to the failure of the Whitney trick in di- 
mension 4 . More specifically, this is reflected in the fact that the middle-dimensional 
(index 2) handles of certain submanifolds of D 4 cannot be embedded disjointly. 
This argument does not have an analogue in higher dimensions, since the Whitney 
trick is valid then. Our construction in dimensions 6 and higher, discussed below, 
is quite different. It is homotopy-theoretic in nature, and the non-embedding re- 
sults involve handles above the middle dimension. We point out that conversely, this 
higher-dimensional approach does not work in dimension 4 since the higher homotopy 
groups of the circle (the attaching region of the submanifolds in D 4 ) are trivial. 

Before outlining a general construction of families of non-homological arbiters on D 2n 
for all n > 4, we discuss a specific example in dimension 8. (The construction in D 6 
requires an additional step, discussed in section [3731 below.) Consider codimension 
zero submanifolds M C D 8 such that DM PI dD 8 is a regular neighborhood of a 
standard S 3 C S 7 = dD 8 . We will call this S 3 C dM the attaching 3-sphere of M, 
and consider proper embeddings M > D 8 taking the attaching 3-sphere to dD 8 . 
Our construction of a non-homological arbiter on D 8 relies on the following result. 

Lemma 3.1. There exist submanifolds (M,S 3 ) C (D 8 ,S 7 ) such that 

(1) for any coefficient ring R the attaching 3-sphere of M is non-trivial in 
H 3 {M;R), and 
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(2) The components of the Hopflink S 3 US 3 C S 7 do not bound disjoint embeddings 
of two copies of M into D 8 . 

Proof. Consider a standard 3-sphere X = S 3 C dD 8 , let C = S 3 x D 4 x I c D 8 
be a collar on its regular neighborhood, and denote by Y a copy pushed into D 8 , 
Y = S 3 x {0} x {1}. Let T,h: S 4 — >■ Y be the suspension of the Hopf map 
h: S 3 — > S 2 . Consider a general position map /: D 5 — > D 8 whose restriction 
f\dD 5 is S/i. Define M to be the collar C union a regular neighborhood of the 
image of / in D 8 . 

To check (1), first note that the attaching 3-sphere is non-trivial in homology of the 
abstract CW-complex Z := S 3 Us/i D 5 . The singular set S of a general position 
map / is 2 -dimensional. It follows that the attaching 3-sphere X is non-trivial in 
H 3 (M) , indeed since the third homology of the singular set is trivial it follows from 
the Mayer- Vietoris sequence that X ^ Q E H 3 (Z (Js cone(S)) . 

Suppose the components S 3 of the Hopf link bound disjoint copies M iy i = 1,2 of 
M in D 8 . The attaching 4-sphere of the 5-cell in the definition of M is mapped by 
E/i to the copy Y of S 3 pushed into D 8 . Using the collar structure, it also may be 
viewed as being mapped by E/i to the actual attaching sphere X C dD 8 . Consider 
the resulting maps S 4 — > X . 

It is convenient to consider S* 7 = dD 8 as M7 union the point at infinity, bounding 
the half space R+. Let A denote the "arrow" map 

A: M lX M 2 ^ S 7 , A{x,y) = *~ V r 

\x - y\ 

Also consider the composition <fi: SfxS^ — > Sf x S 3 — > S Q of SA x E/i with the 
arrow map in M7 . 

The 5-cells Df attached to Sf map to Mj, and composing with A one has a map 
tp'. Df x D\ — > S 7 . Pick a point z G S 6 which is a regular value both of and 
if). The preimage of z in Sf x S*| is a single point, and since the fiber of the Hopf 
map (and of its suspension) is a circle with the Lie group framing, <fi~ l (z) is an Arf 
invariant 1 torus T, the generator of Vt^ = vrf , cf [H]. (Related stable homotopy 
invariants of higher dimensional links have been considered by several authors in the 
context of link homotopy, see for example |TT], [7].) However -1 (z) is the boundary 
of the 3-manifold M 3 = ip~ 1 (z) C Df x D\. Note that T is codimension 6 in 
S 4 x S 4 , while M 3 is codimension 7 in D\ x D\. Consider the pullback v under 
ip of the normal line bundle to S* 6 in S 7 . The 5-cells Df may be assumed to be 
mapped near their boundary into the collar C = S 3 x D 4 x I C D 8 as a product 
E/i x Idj. Using this product structure, one checks that there is a well-defined limit 
of v at the boundary DM = T, which amounts to a stabilization of the 6-framing 
of T. This exhibits the Arf invariant 1 torus T as the framed boundary of M , a 
contradiction. □ 
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Lemma 13.11 easily yields a non-homological arbiter A on D 8 . This step is analogous 
to the corresponding part of the proof of theorem 11.31 in dimension 4: consider the 
decomposition D 8 = M U N , where M is the manifold constructed in the proof of 
lemma EU1 and N is its complement. Given a submanifold P C D 8 such that M is 
isotopic to a submanifold of P , set A(P) = 1 . On the other hand, if P is isotopic 
to a submanifold of N, set A(P) = 0. The condition (2) in lemma I3TT1 ensures that 
this consistently defines a partial arbiter on the "cone" (with respect to the partial 
ordering induced by inclusion) over M and the corresponding cone under N, see 
figure HI Now pick any arbiter on D 8 , for example the rational homological arbiter 
Aq, and use it to extend A to all other submanifolds of D 8 . The condition (1) in 
lemma 13.11 shows that A is different from the homological arbiters on D 8 . 

Suspending the Hopf map further, one gets the analogue of lemma 13.11 and a non- 
homological arbiter on D 2n for any n > 3. In fact, the relevant structure used in the 
proof of the lemma is a non-trivial square in the stable homotopy ring of spheres. As 
another illustration of this construction, consider the Hopf fibration H : S 7 — > S A . 
Following the proof of lemma 13.11 with E/i replaced by £ 3 P (and suspending X 3 P 
further), one gets arbiters on D 2n ,n > 8. Here at least three suspensions are needed 
to ensure that the dimension of the singular set S is smaller than the dimension of 
the attaching sphere of M, so that 13.11 (1) holds. The following theorem summarizes 
the results discussed above, the case n = 3 is proved in section 13.31 below. 

Theorem 3.2. To each non-trivial square in the stable homotopy ring of spheres 
there is associated a local topological arbiter not induced by homology on D 2n for 
sufficiently large n . In particular, there exist non-homological local arbiters on D 2n 
for each n > 3 . 

3.3. Arbiters on D 6 . Constructing non-homological arbiters on D 6 requires a bit 
more care. Indeed, note that a direct analogue of the proof of lemma 13.11 (with 
the actual Hopf map, rather than its suspension) does not hold. (A conceptual 
explanation for this is provided by Lemma 13.41 below.) Specifically, to recall the 
notation consider a standard 2-sphere X = S 2 C dD 6 , let C = S 2 x D 3 x I c P 6 
be a collar on its regular neighborhood, and denote by Y a copy of the 2-sphere 
pushed into D 6 , Y = S 2 x {0} x {1}. Let h: S 3 — > Y be the Hopf map. Consider 
a general position map /: D 4 — > D % whose restriction /|ao 4 is h, and define M 
to be the collar C union a regular neighborhood of the image of / in D 6 . 

Analogously to the proof of 13.11 the attaching 2-sphere is non-trivial in homology of 
Z := S 2 Uh D A {= CP 2 ), and the singular set S of a general position map / is still 
2-dimensional. However, in contrast with 13.11 we show in the lemma below that the 
attaching 2-sphere is in fact trivial in ^(M; Z/2) for any map /. To illustrate this 
point, we consider a specific map /: (CP 2 , CP 1 ) — > (D 4 ,S 3 ). Take a Chern class 
one normal circle bundle B over Y in D 6 . (To be more specific, B is considered as 
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a subset of the boundary Y x S 3 of a regular neighborhood of Y, and the fiber of 
B — > Y over y G K is the fiber h~ l (y) C {y} x S 3 of the Hopf fibration h.) 

Cone P to the origin of P 6 and also consider the mapping cylinder of the fibration 
B — > Y , that is the circle fiber over each point y £ F is coned off to y. (This 
mapping cylinder gives a map of the Chern class 1 disk bundle into P 6 , bounded 
by B .) This construction yields a map of CP 2 into P 6 which meets <9P 6 in the 
2 -sphere X and the singularities may be arranged to be contained in the suspension 
E of a single fiber P of the circle bundle B. The suspension is formed by the disk 
fiber bounded by F union with (F coned off to the center of P 6 .) Note that this 
suspension £ represents the same class in P 2 (CP 2 ) as [CP 1 ]. Moreover, when £ is 
mapped into P 6 it is flattened into a plane, thereby killing the attaching 2-sphere 
X in P 2 (M;Z). 

The reader may find it useful to consider a construction analogous to the above for 
(RP 2 ,]RP 1 ) mapped into (D 3 ,S 2 ) where the Chern class 1 bundle B is replaced 
by the Mobius band. The singularity in this case is formed by a circle, generating 
7Ti(IRP 2 ), flattened in a line through the origin in P 3 . 

The following lemma shows that the behavior exhibited in the example above holds 
(at least with Z/2 coefficients) for any general position map /. 

Lemma 3.4. Let f: CP 2 — > P 4 be a general position map taking CP 1 to a 2- 
sphere in dD 4 . Then the class [CP 1 ] is trivial in P 2 (/(CP 2 ); Z/2) . 

Before proving this lemma, observe that as a consequence the construction given in 
lemma 13.11 of an arbiter on P 8 fails to give a non-homological arbiter on P 6 : since 
the attaching 2-sphere is trivial in PT 2 (M; Z/2), there is a homological obstruction 
to embedding two copies of M into P 6 forming the Hopf link in dD 6 . A non- 
homological arbiter on P 6 is constructed further below in section 13.61 



Proof of lemma [3^ Let M be a regular neighborhood of /(CP 2 ) in P 6 . Attaching 



another 6 -cell to P 6 , consider M as a submanifold of S 6 . Suppose the statement 
of the lemma is false for this map /, then in particular [CP 1 ] ^ G P 2 (<9M; Z/2) . 
dM is a 5-manifold, and there exists [15] a 3-manifold N 3 C dM representing the 
Poincare dual PPQCP 1 ]) £ P 3 (<9M; Z/2). Push N outward to get a copy N' which 
links the 2-sphere Y in S* 6 . Consider the arrow map A: S 2 x N — > S 5 , and 
composing with the Hopf map one has A' : S 3 x N — > S 5 . Since the linking number 
between Y = S 2 and N' is 1 (mod 2), the preimage A'~ 1 (y) is a collection of an odd 
number of circles, each one with the Lie group framing. We will give an argument 
assuming the preimage A'~ 1 (y) is a single such circle C, the general case is proved 
analogously. 

Since iV is disjoint from M, A' extends to a map P 4 x iV — > S 5 , and therefore 
A'^ 1 ^) is null-cobordant: there exists a framed (perhaps non-orientable) surface 
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F C D 4 x N 3 , OF = C . Consider D 4 as the unit ball in IR 4 ; C is a circle with 
non-trivial framing in dD 4 x N . Close off F to get F C M 4 x iV 3 whose normal 
bundle 1/ is trivialized over F but u^* 7 ) = 1- The proof of the lemma concludes 
with the following proposition. 

Proposition 3.5. Suppose F is a surface embedded in N 3 x M 4 , where N is a 
(perhaps non-orientable) 3 -manifold. Denoting by v the normal bundle over F , the 
following relation holds between the Stiefel-Whitney classes of v: if w\[y) = then 
w 2 (v) = 0. 

Proof. Consider the composition g of the embedding e with the projection onto N, 
g: X ^-t- iV x R 4 — y N, and homotope e so that g is an immersion. Denoting by 
v' the normal bundle of the immersion g, note that since F is codimension one in 
N, W\(v') = implies 11)2(1/) = 0. By naturality the same conclusion holds for v as 
well. □ 

3.6. Non-homological arbiters on D 6 . In this section we present a modification 
of the argument in lemma 13.11 which works in dimension 6 . That is, we prove the 
existence of submanifolds (M, S 2 ) C (D 6 , S 5 ) such that 

(1) for any coefficient ring R the attaching 2-sphere of M is non-trivial in 
H 2 (M; R), and 

(2) The components of the Hopf link S^US 12 C S 5 do not bound disjoint embeddings 
of two copies of M into D Q . 

The construction of M relies on the map / : D 4 — > D 6 introduced at the beginning 
of section \3~3\ Recall that the singular set S(f) of that map is a 2-sphere in D A , 
representing the same class as [CP 1 ] (and the same as the class of the attaching 
2-sphere [X]) in the second homology of CP 2 = S 2 Uh D 4 . We will show that a 
suitable M may be constructed as a regular neighborhood of a map g: punctured 
S* 2 x S 2 — > D 6 . Consider a circle linking the 2-sphere S(f) in D 4 and perform 
a 1 -surgery on D 4 along this circle, the result D 4 \ (S* 1 x D 3 ) U (D 2 x S 2 ) is a 
punctured S 2 x S 2 . One checks that the 5-dimensional 2-handle D 2 x D 3 (the trace 
of the surgery) may be embedded in the complement of f(D 4 ). Denoting by g the 
resulting map: punctured 5* 2 x S 2 — > D 6 , note that the singular set of g is the same 
2-sphere, S(g) = S(f). 

Let M be a regular neighborhood of the image of g, and denote by a, b the generators 
of H 2 (S 2 x S 2 ) , corresponding respectively to the core and the co-core of the 2-handle. 
The following relation holds in H 2 (M): [X] = [S(g)] + b, where X is the attaching 
sphere of M . It follows that [X] ^ G H 2 (M) . As in the beginning of section I3~3| it 
may be helpful to follow this construction in the half- dimensional real context, where 
the analogue of g maps a punctured torus into D 3 . 
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The final observation is that the proof of (2) in lemma I3TT1 still goes through when the 
5-cells Df are replaced by an arbitrary orientable punctured 5-manifold attached to 
the 3-sphere by the suspension of the Hopf map. The same argument in dimension 
6 establishes for M the property (2) above. A non-homological arbiter A is then 
defined by setting A(N) = 1 for any N D M, A(N) = for iV C D 6 \ M, and 
extending it to an arbiter on all submanifolds of D 6 . 

Appendix A. Arbiters and surgery 

An additional property relating the notion of a topological arbiter to 4-dimensional 
surgery (via the (A, £>)-slice reformulation [31 Hj) is stated as axiom (4) below. As 
in definition 12. II of a local arbiter, hA denotes M.^ = {(M, 7)| M is a codimension 
zero, smooth, compact submanifold of D 4 , 7 C dM , and M R dD 4 is a tubular 
neighborhood of an unknotted circle 7 C S 3 } . Given (M' ,7'), (M",7") G Ai, con- 
sider their "double" D(M',M") = (S 1 x D 2 x 7) U (M 1 U M") where M' . M" are 
attached to S 1 x D 2 x {1} so that 7', 7" form the Bing double of the core of the solid 
torus, figure M Let 7 denote the core of S 1 x D 2 x {0} . 

Note that since the components of the Bing double of the attaching curve of a 2- 
handle H = D 2 x D 2 bound disjoint 0-framed disks in H , there is an embedding 
(D(M',M"),j) C (D 4 ,S 3 ) restricting to the given inclusions (M 1 , 7'), (M", 7") C 
(D 4 ,S 3 ). In the axiom (4) below, (D(M', M"), 7) e M denotes any embedding 
(D(M',M"),i) C (D 4 , S 3 ) restricting to the given inclusions M',M" C D 4 . Con- 
sider the following condition on a local arbiter: 

(4) Let (M',7'),(M",7") e M be such that A{M\i) = A(M",Y) = 1- Then 
A(D(M', M"),7) = 1. 



D(M', M") 




Figure 9. Bing Double D(M',M"). 

Lemma A.l. If a local arbiter A: Ai — > {0, 1} (definition 12. Jj) satisfies the axiom 
(4) above, it provides an obstruction to topological 4— dimensional surgery for the 
non-abelian free groups. 
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Proof. We assume the reader is familiar with the A — B slice formulation [31 15] of 
the surgery conjecture. Let A be an arbiter satisfying (4). Suppose the Borromean 
Rings Bor = (h,l2,h) is an A — B slice link. Consider the given decompositions 
D A = AiUBi, i = 1,2,3, where the attaching curves c^, /3j form the Hopf link in S 3 . 
Renaming the two parts of each decomposition if necessary, using the duality axiom 

(3) in definition 12. 1[ one may assume that A(Ai, ati) = 1 for each i. Since Bor is 
assumed to be A — B slice, there are disjoint embeddings f. t : Ai — > D A such that 
fi{oti) = h, i = 1, 2, 3. Consider the Hopf link H = (a, b) , and consider the first two 
components h,l 2 of Bor as the Bing double of the core of a tubular neighborhood 
of a, and l 3 = b. Viewed from this perspective, the submanifolds f\(Ai), f 2 (A 2 ) 
combine to give an embedding of a double / : (D(Ai, A 2 ), 7) — > (D A , a) . By axiom 

(4) , A(D(Ai, A 2 )) = 1. Consider the decomposition D A = A U B, where A = 
f(D(A u A 2 )) , B = D A \ f(D(A u A 2 )) . The attaching curves of A, B form the Hopf 
link a,b. Since f 3 (A 3 ) C B, by axiom (2) .A(B) = 1. Therefore ^4(A),^4(S) both 
equal 1, a contradiction with the axiom (3). □ 

The A-B-slice problem, a reformulation of the topological 4-dimensional surgery 
conjecture, was introduced by the first author in [31 H] and further investigated in [5]. 
It is believed that the Borromean Rings are not A-B slice, and this would imply that 
surgery fails for the non-abelian free groups. A stronger conjecture posed in these 
references asserted that the Borromean Rings are not even a weakly A-B slice link. 
"Weakly A-B slice" means that the embedding data of the submanifolds Ai, Bi is 
not taken into account. The second author showed in [8] that the Borromean Rings 
are in fact weakly A-B slice (section 12.91 above has a more detailed discussion of this 
construction.) This result puts the focus on the actual (rather than "weak") A-B 
slice condition, where one keeps track of the embedding of the submanifolds into 
the 4-ball. The notion of a topological arbiter, additionally satisfying the condition 
(4) above, axiomatizes the properties which an obstruction to surgery should satisfy 
in this context. The techniques used in the construction of topological arbiters in 
section H] do not give one a sufficient control over their behavior under Bing doubling. 
Therefore an important open question, relevant for the surgery conjecture, is: Does 
there exist an arbiter A: Ai — > {0, 1} satisfying axioms 1 — 4? 

Appendix B. Multi- arbiters. 

This section introduces two multi-valued generalizations of topological arbiters, and 
investigates their properties and applications. In particular, a non-homological multi- 
arbiter is constructed in section |R3~1 and an application to percolation theory is given 
in El 

Consider a d dimensional manifold M divided into k pieces Mi, M = UjMj, with 
disjoint interiors, colored 1,2, ... ,k. To avoid pathology for PL or smooth manifolds, 
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we require that each piece is a union of generic cells (dual to a triangulation). Let 
Dk be such a decomposition of M . 

Definition B.l. ("Power set multiarbiters") A k-arbiter on a manifold M is a 
function from the set of k -decompositions of M to 2 2 , /: {D^} — > 2 2 , obeying 
the axioms below. For a subset S C {l,...,k}, i.e. S e 2 k , let |S| C M be 
\S\ = Li ieS Mi. Thus |.| depends on D k (indicated by a superscript below) and / will 
be interpreted as a rule for assigning or 1 to the submanifolds \S\. Let S denote 
the complement of S. The following axioms are imposed on all proper subsets of 
{1, . . . , k} , other than the empty set. 

(1) /(|S|) + /(|3|) = l. 

(2) /(| 5l |)=/(|5 2 |) = l=>/(|5 1 n5 2 |) = l. 

(3) If S C T and /(]T|) = 1 then f(\S\) + /(|T \ S\) > 1. 

(4) If Z)£ and -D 2 . are two /c-decompositions so that for i E S M} C M 2 then 
/(|S|i) = l=>/(|SH = l. 

(5) If there is an isotopy of M carrying D\ to D\ then f(D\) = f(D\). 

The intuition is that /(IS*!) = 1 corresponds to j^l carrying some predetermined 
homological cycle. The definition can be applied either to closed manifolds M or 
manifolds with boundary. In the latter case it seems most interesting when a, k- 
decomposition of dM is fixed in advance. 

To absorb the definition consider a few examples. First let M be the real projective 
space RP d , set k = d, and define /(l^l) = 1 iff \S\ carries the non-trivial Z/2- 
homology class of RP d in dimension cardinality (S) =: c(S). Notice when d = 
2, one may identify this 2-arbiter with the unique arbiter on 1LP 2 described in 
the introduction. Similarly, picking a field F yields rf-arbiters on the 2d- and 'Id- 
dimensional manifolds CP d and MP d . 

B.2. A relative example: take a rf-cube [—1, l] d with a (i-decomposition of the 
boundary with the ith piece equal to the opposite (d— 1) -cubes along the ith coor- 
dinate. Set f(\S\) = 1 iff 

H C (\S\, \S\ n dl d ; F) — ► H c (I d , \S\ n dl d ; F) 

is onto, where c = c(S) and F is some chosen field. Axioms 1, 2 and 3 are elementary 
applications of duality. Axiom 4, the "greedy" axiom, is also (literally) natural if 
one has homological examples in mind. Finally, axiom 5 is topological invariance 
(the isotopy of axiom 6 is assumed to be identity on boundary in the case of a fixed 
decomposition on dM .) Note that there is a unique homological arbiter (independent 
of the coefficient field F) on the 3-cube. 

Here are a few observations on k -arbiters. 
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B.3. A non-homological relative multiarbiter on the 3-cube may be constructed as 
follows. When the cardinality c(S) = 1, set /(IS*!) = if \S\ may be isotoped (rel 
boundary) in I 3 into the collar on IS*! (1 dl 3 , and /(ISI) = 1 otherwise. Dually, for 
c(S) = 2 set f(\S\) = 1 if \S\ contains a 2-disk (D 2 ,dD 2 ) C {\S\, \S\n dl 3 ) and 
f(\S\) = otherwise. This definition makes it clear that /(l^l) + /(IS"!) = 1 for 
c(S) = 1,2, implying axiom 1. 

Axiom 2 holds since given S\ ^ S 2 C {1,2,3} of cardinality 2, if both \Si\, \S 2 \ 
contain disks then their intersection is homologically essential (rel boundary) and 
therefore \Si D cannot be isotoped into a collar. To establish (3), suppose T = 
{a, b} and f(\T\) = 1. Then |T| contains a disk D as above, which is "colored" by 
two colors a, b (this is induced by the decomposition |T| = M a UM), in the notation 
of definition IB. lj) . This is a relative 2-arbiter on the disk D , and precisely one of the 
two colors, say a, goes across. This implies f(\a\) = 1, concluding the proof of (3). 

A similar construction yields non-homological multi-arbiters on higher-dimensional 
cubes. Start with the homological <i-arbiter on I d with some field coefficients F 
(d > 3), discussed in section |B.2[ and modify it in highest and lowest dimensions: 
if c(S) = 1, set /(|5|) = if and only if \S\ may be isotoped rel boundary into 
the collar on IS*! D dl d . If c(S) = d — 1 set /(IS*!) = 1 iff \S\ contains a standard 
(d - l)-disk (D d -\ dD^ 1 ) C (\S\, \S\ n dl d ) . The axiom check is analogous to that 
for the 3-cube above. 

B.4. Recall the homological fc-arbiter mentioned for the /c-cube in section IB. 21 
/(ISi) = 1 iff 

H c {\s\, \s\ n di d - z 2 ) H c {i d , \s\ n di d - z 2 ) 

is onto. It is quite easy to see (by induction on dimension) that for at least one sin- 
gleton a £ {1, 2, . . . , k}, f(a) = 1. A statement in percolation follows immediately. 
Divide I d into generic Voronoy cells whose centers are selected by a uniform Poisson 
process. Color each cell black with probability = 1/d. Then the probability that any 
two opposite faces of I d are connected by a chain of black cells must be > 1/d. The 
proof follows directly from consideration of intersection theory and symmetry. 

Consider another version of multiarbiters, whose definition is motivated by Poincare 
duality and which is a direct generalization of the {0, l}-valued arbiters (definition 
11.11 in the introduction.) 

Definition B.5. ( "Poincare multiarbiters") Let M be a codimension zero subman- 
ifold of a d-dimensional manifold W . A multiarbiter f associates to M a number 
f(M) G {0, . . . , d — 1} , subject to the axioms: 

(1) If M is ambiently isotopic to M' in W then f(M) = f(M'). 

(2) li M CM' then f(M) < f(M'). 
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(3) Suppose A,B are codimension zero submanifolds such that W = A U B , with 
AHB = dAndB. Then f(A) + f(B) =d-l. 

(4) f(AnB)>f(A) + f(B)-d. 

In each dimension d, the homological multiarbiter on the projective space M.P d 
may be defined by setting f(M) =maximal k such that iP%(M; Z/2) maps onto 
Hk(M.P d ; Z/2). The axioms (3)- (4) follow from duality and intersection theory. 

The construction in section IB~3l may be used to give an example of a non-homological 
Poincare multiarbiter on MP 3 . Given a codimension zero submanifold M C MP 3 , 
set /(M) = 2 iff M contains a standard copy of MP 2 . Set f(M) = iff M can be 
isotoped into a 3-ball. /(M) is defined to be 1 on all other submanifolds. The duality 
axiom (3) holds since the complement of MP 2 is a ball, and (4) is a consequence of 
intersection theory. 

Recall from the introduction that if a manifold admits an open book decomposition 
(for example, any odd-dimensional manifold), then it does not support a topological 
arbiter. In contrast, any odd-dimensional manifold admits the "trivial" Poincare 
multiarbiter /, assigning the value f(M) = (d — l)/2 to each submanifold M. It 
is easy to see that this is the unique multiarbiter (in the sense of definition IB. 51) on 
odd- dimensional spheres. The classification of multiarbiters on other manifolds of 
dimension > 3 is an interesting open problem. 
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